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SPL IT  FREE OSCILLAT ION AMPL ITUDES FOR THE 1960 CHILEAN 
AND 1964 ALASKAN EARTHQUAKES 
BY ROBERT J. GELLER AND SETH STEIN 
ABSTRACT 
Splitting of the Earth's normal modes was observed for both the 1960 Chilean 
and 1964 Alaskan earthquakes. The strong peaks in the observed spectrum of 
each split multiplet correspond to singlets with much higher amplitudes than the 
others. Using theoretical results we have derived elsewhere (Stein and Gel!er, 
1977a), we are able to predict this pattern. We show that the source mecha- 
nisms inferred for these earthquakes from surface waves are consistent with the 
observed pattern of relative spectral amplitudes of the split modes. However 
other mechanisms, such as a slow isotropic volume change, are also consistent with 
the split-mode amplitudes and are excluded only by additional data. 
INTRODUCTION 
Splitting of the Earth's normal modes was first observed by Benioff, Press, and 
Smith (1961), and Ness, Harrison, and Slichter (1961) for the Chilean earthquake. 
Pekeris, Alterman, and Jarosch (1961) and Backus and Gilbert (1961) calculated the 
frequency separation due to the Earth's rotation and obtained good agreement with 
the observed ata. Pekeris et al. (1961) and Backus and Gilbert (1961) both calculated 
the relative amplitudes of each peak for some simple sources. However, the spectral 
amplitudes resulting from realistic models of the Alaskan and Chilean earthquakes a
double-couple sources have not previously been calculated. In this paper, we use 
results we have previously developed (Stein and Geller, 1977a) to calculate the sprit- 
mode amplitudes for the Chilean and Alaskan earthquakes. Our predictions agree 
quite well with published observations of the split spectra. 
THEORETICAL SPLIT-~/[ODE AMPLITUDES 
The Earth's rotation (Pekeris et al., 1961 and Backus and Gilbert, 1961) and el- 
lipticity (Dahlen, 1968) split the 2l ~- 1 singlets belonging to the multiplet of angular 
order l such that each one has a distinct eigenfrequency. The splitting is observable 
only for low angular order modes, for which the frequency separation of the singlets 
caused by rotation and ellipticity is greater than the broadening of spectral lines due 
to attenuation. For modes for which the splitting is observable, some singlets have 
much larger amplitudes than others in their multiplet. Thus the relative amplitudes 
of the split modes serve as an additional constraint in determining the character of 
earthquake source mechanisms at very long periods. 
We have derived theoretical results (Steinand Geller, 1977a) that allow us to syn- 
thesize the split normal mode amplitudes excited by a realistic model of an earth- 
quake source: a double couple of arbitrary orientation resulting from slip on a fault 
plane. (References to previous work are given in our earlier paper; we summarize our 
results here.) Our solution is obtained by transforming the spherical harmonic ex- 
pansion of the excitation from the frame of reference of the source into geographic 
coordinates. We write the singlet amplitudes so that there are separate factors for 
source location (latitude and longitude), source depth, fault geometry (strike, dip, 
and slip direction), receiver location and the normalized energy of each mode. 
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For the spheroidal modes and for a step-function dislocation with unit moment, 
the displacement of the normal mode with angular order 1 and azimuthal order m 
is given to zeroth order by 
Ua(r, t) . . . .  ~"~t .~* . . -~ .~t  = l~zm~r)e + ~,~r)e (1) 
where ~zm is the eigenfrequency of the mode. The overtone number, n, will be sup- 
pressed for convenience throughout this section. 
The displacement spectral density of the lmth mode is 
Ez=(r) = Dzm{ylS(r)S}m(O, 4)) + yaS(r)S~(O, ¢)} (2) 
where ylS(r) and ya~(r) are the vertical and radial displacement eigenfunctions de- 
fined by Alterman et al. (!959) and implicitly depend on l. 0 and ¢ are the colatitude 
and longitude in geographic oordinates. Dahlen (1968) shows that when rotation 
and ellipticity are the only perturbations, that the surficial eigenfunctions are, cor- 
rect to zeroth order, the vector spherical harmonics in geographic oordinates, S}m 
and S~ 
where 
and 
S~(O, ¢) = (Y,=(O, ¢), 0, O) 
2 0 ( OY,~(O, eb) 10Y~m(O, eb)) 
S~,~(, ¢) = O, O0 ' sin 0 Oq~ 
(/ -- m)!T/2 Yzm(O, ¢) = (--1) m ~ 7_{_ m))!J P~m (cos 0)e '~  
m * Y~,~(O, ¢) = ( -1 )  Y~-m(O, ¢). 
(a) 
(m > 0) (4) 
(m < 0). 
Here the associated Legendre polynomials are defined as 
and 
P{~(x) = (1 -x2) m/2 d~ Pz(x) 
1 d z 
Pz(x) = ~i[! ~ ( x2 - 1) ~" 
(5) 
(6) 
The eigenfunctions are the vector spherical harmonics in the geographic coordinates 
(about the north pole), since we model the Earth as being spherically symmetric. 
The only perturbations in the problem, rotation and ellipticity, are both symmetric 
about the rotation axis. To find the displacements, we need the excitation coefficients 
Dl~ for these vector spherical harmonics. These can be obtained from the excitation 
coefficients used for a nonrotating earth, which are computed in a frame of reference 
centered on the earthquake source (Figure 1). This has been done by Saito (1967). 
To transform the excitation coefficients from the source coordinates to the geo- 
graphic coordinates we make use of the rotation matrix elements (Brink and Satchler, 
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1968) which transform spherical harmonics from one coordinate frame to another. 
Since the excitation coefficients can be regarded as the components of a vector whose 
bases are the vector spherical harmonics, they, too, can be transformed from one 
frame to the other. 
fAULT PLANE ~ North 
FIG. 1. Fault representation f Kanamori and Cipar (slightly modified). ~ is the slip vector, 
and gives the displacement of the hanging wall block, fi is the normal to the fault plane, and L 
points north. The strike p is measured counterclockwise from L. The dip angle a is measured 
from the negative X~' axis, and the slip angle h is measured in the fault plane counterclockwise 
from X~'. 
The rotation matrix elements are defined as 
:D~k(R) = e -i¢"m+*k) d~k(~) (7) 
where (summing over all values of t for which the factorials are non-negative), 
[ (t + m) ! (z - ~n)! (z + ~)! (z - k)!] ]"~ ( -  1) ~ 
Lt!(l + m - t)!(~ ~ k - t ) ! ( t  + t¢ - m)! 
× [sin (~/2) ]  ~+~-m [cos (~/2)]~+~-~-~L (S) 
The argument of these functions is the set of Euler angles R = (a,/7, ~,) that rotate 
the geographic oordinate system into the source coordinates. As shown in Figure 2, 
these angles are 
O/ = (~8 
"~ = ~ + P (9) 
where ~ and ¢~ are the epicentral coordinates and p is the fault strike, measured 
counterclockwise from north. We describe all quantities in the source coordinates by 
primes (X~ ', D~)  and their counterparts in the geographic oordinates without 
primes (Xi, Dim). 
The excitation coefficients transform from the source frame to the geographic 
frame as 
2 
Dt,~ = ~, ~k(R)D'~k. (10) 
k~--2 
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FIG. 2. Euler angles which rotate geographic (XI, X2, X3) axes into source (XI', X2', X3') axes. 
All rotations are right-handed. The line L points north in the Xlt-X~ ' plane. 
The summation ranges over --2 to 2, since for a point double couple only terms 
Drz~ with I m 1 ~< 2 are excited. Once the excitation is transformed to the geographic 
coordinates, all the terms from - l  to l are excited. For such a source, with unit mo- 
ment and a step-function time history, the source frame excitation coefficients can 
be expressed as 
D~2 = K2q2Cz2 
D'll = KlqlCzl 
DPzo = KoqoCzo 
D'z-1 = Klql*Cz-1 
D~-2 = K2q~*Cz-2. (11) 
The Czm are normalization constants 
(1 -F re)Ill/2 c,m= for m >_ 0 
Czm = C~-~(-1)  ~ for m < 0. (12) 
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The fault geometry defines the factors q~, the radiation pattern coefficients, 
q0 = ½ sin X sin ~ cos 
ql = ¼ ( -cos  X cos ~ -t- i sin X cos 28) 
q2 = ¼ ( - s in  X cos ~ sin ~ - i cos X sin ~). (13) 
Here ~ is the fault dip angle and X is the slip angle, measured counterclockwise from 
the strike as shown in Figure 1. 
The source amplitude factors K0, K1 and Ks were defined by Kanamori and Cipar 
(1974) to simplify the results df Saito (1967). 
( 2z + 1 ) (2(a__x:+ 
Ko = \4~z2(i ls + L~I2S)r. \ X. + 2~, / 
X @%',) r, s r -- y2 ( , )  y~ (r,) 
21+ 1 s y4 (r,) 
K1 = 4~r~(I1 s -k L~I2 s) ~ 
y3 (r.) (14) K2 = 21 -I- 1 s 
4~?( I1  s + L~I~ ) r. 
X, and t~8 are the values of the elastic moduli at the source depth, r,, and y~(r,) are 
the values of the eigenfunctions. I~  and I2s are energy integrals defined by Saito, 
on is the unperturbed eigenfrequency, and L 2 = l(l --~ 1). 
A similar analysis may be performed for an isotropic (purely explosive or com- 
pressional) source. For such a source, with step-function time history and a unit 
moment (for each of the three dipoles), equations (1) to (10) are unchanged. The 
only nonzero source frame excitation coefficient is the m = 0 term (which yields an 
isotropic radiation pattern). Thus equation (11) becomes 
D ! so = KJCzo (15) 
where the source amplitude factor Ko' is adapted from Takeuchi and Saito (1972) 
I Z r  2 s 2L tt~y~ (r~) 21 + 1 4~8 Yl (r.) Y2 (8) + (16) 
Ko' = 4moz~(i1 s -t- L~I~ s) X (X. + 2~.) r. (X~ + 2~) (~ + ~a"  
Since the Chilean earthquake spectrum was observed on a strain meter, we com- 
pute the horizontal strain components 
10Uo Ur 
eoo - -  - -1 -  - -  r O0 r 
e¢~ - - -  1 OU~, U, r s in0  0~ + UOr cot0+- - r  
1[10Uo U~ cotO + 1 OUo] 
e0¢ = 2 Lr 00 ~ r sin-----0 0~ _1" 
(17) 
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The strains are given in geographic oordinates, o the strain in a strain rod of arbi- 
trary orientation is 
erod = e00 cos ~ ~ -t- 2e0~ cos -y sin "r -t- e~ sin s ~, (18) 
where T is the strain rod orientation measured counterclockwise from north. 
OBSERVED SPECTRA 
There are very few reliable observations of split spectra. Not only are great lengths 
of record needed to resolve splitting, but, because attenuation broadens the peaks, 
even a very long record length does not allow resolution of splitting for any but the 
lowest angular order modes. This problem is discussed in Benioff et al. (1961). 
Here we use the three best observations of split spectra, two for the Chilean earth- 
quake (0S2 and 0Sa) and one for the Alaskan earthquake (0S2). Using the theory sum- 
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FIG. 3. Split spheroidal mode spectra for oS~ (top) and ~a (bottom) excited by the 1960 Chilean 
earthquake, as observed on a strainmeter at Isabella, California. The eigenfrequency separa- 
tion is taken from Dahlen (1968), but the central frequency has been chosen to yield a best 
fit with the observed peaks. Synthetic relative spectra for an isotropic source and for the finite 
fault geometry of Kanamori and Cipar (1974) are given for each mode. The amplitudes are nor- 
realized and plotted with regular spacing. 
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marized in the previous ection, and fault geometries determined from the study of 
long-period surface waves, we compute synthetic spectra. We also compute synthetic 
spectra for an isotropic source, and compare the two sets of theoretical spectra to 
observations. Our synthetic relative spectral amplitudes are in excellent agreement 
with the data. 
Figure 3 (from Benioff et al., 1961) shows the spectra of the spheroidal multiplets 
oS2 (top) and oSa (bottom) excited by the Chilean earthquake, as observed on a strain- 
meter (striking 38.4°W of N) at Isabella, California. Dahlen's (1968) splitting pa- 
rameters are used to identify the azimuthal order numbers of the peaks in Figure 3 
and the center frequency is adjusted to give the best fit. The singlet pair with m = 
4-1 has much larger amplitudes than the rest of the 0S2 multiplet and, similarly, 
0S8 ~2 stands out from its multiplet. (The results of a later analysis by Smith (1961) 
of the spectrum differed somewhat but did not alter the basic conclusion that 0S~ ±1 
and 0Sa ±2 had much larger amplitudes than the other singlets of their multiplets.) 
As well as the observed spectra, we show our synthetic relative spectral amplitudes 
computed for the finite fault geometry determined by Kanamori and Cipar (1974) 
from long-period surface-wave studies (p = 350 °, ~ = 90 °, ~ = 10 °, 08 = 128 °, ¢8 
= 286.5 °, L = 800 km, VR = 3.5 km/sec) and including a precursory slip (t~ = 
900 sec and r0 = 300 sec) inferred from a time-domain observation (Kanamori and 
Cipar, 1974) and from spectral holes (Kanamori and Anderson, 1975). We also show 
the relative spectra for an isotropic point source, a model which was used by Pekeris 
et al. (1961) for the Chilean earthquake. For both sources the spectral amplitudes do 
not depend on the precise frequency separation, so for convenience we plot our theo- 
retical amplitudes with regular spacing, although the actual spacing is somewhat 
asymmetric. The amplitudes of the split modes .are symmetric for a point source; 
interference ffects may cause a slight asymmetry for a finite source. However, in 
this case the finiteness has only a negligible ffect on the relative spectral amplitudes. 
Figure 4 shows the spectrum from a gravity meter record (Sliehter, 1967) of the 
Alaskan earthquake, after processing and filtering by Wiggins and Miller (1972). 
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FIG. 4. Split spheroidal mode spectra for 0S2 excited by the Alaskan earthquake as observed 
on a gravity meter at Los Angeles, California by Sliehter (1967) after processing by Wiggins and 
Miller (1972). Details are as in Figure 3. The finite fault geometry of Kanamori (1970) is used 
for the double-couple source. 
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In this spectrum the singlet pair 0S2 ±1 has much greater amplitude than the rest of 
the multiplet. Below this figure we show synthetic spectra (which have the same 
relative amplitudes as the vertical displacements) for the finite fault geometry (p = 
I14 °, k = 90 °, ~ = 20 °, e8 = 29.9 °, ¢~ = 212.4 °, L = 500 km, V~ = 3.5 km/sec) de- 
termined by Kanamori (1970) and for an isotropic source. 
For both earthquakes, the double-couple mechanism derived from long-period 
surface waves yields relative spectra which fit the observations. The exact amplitudes 
of the lower amplitude peaks are somewhat uncertain, and so the primary considera- 
tion is the overall agreement of our theoretical spectra with the observed peaks. Our 
calculations demonstrate hat the fault geometry determined from surface waves at 
periods of several hundred seconds is consistent with free oscillation data at a period 
of almost one hour. However, the relative spectra for the isotropic source are also 
consistent with the observations and in fact closely resemble the double-couple spectra. 
DISCUSSION 
We have described this similarity in some detail (Stein and Geller, 1977a), but a 
briefer explanation will suffice here. In the frame of reference of the earthquake 
source, the radiation patterns of oS~ and 0S~ for a double couple are nearly radially 
symmetric, because the radially symmetric term (D'zo = KoCzoqo) is much larger 
than the two-lobed (D~±I) or four-lobed (D'l±2) terms. Thus, for these low-order 
spheroidal modes, the radiation pattern of an earthquake nearly always resembles 
that of an isotropic source, which is completely radiMly symmetric. This resemblance 
is maintained where the excitation is transformed into geographic oordinates to 
calculate the split-mode amplitudes. The relative spectra of an earthquake will differ 
significantly from those of an isotropic source only in special cases, e.g. a pure strike- 
slip fault. 
The isotropic and double-couple sources can be resolved very simply from the 
amplitudes of low-order torsional modes, since the former would not excite any tor- 
sional oscillations. Torsional oscillations are clearly visible for both the Chilean 
(Benioff et al., 1961) and Alaskan (Smith, 1966) earthquakes. In addition, long-period 
Rayleigh-wave (spheroidal oscillations) and Love-wave (torsional oscillations) data 
are consistent with a double-couple source, but not an isotropic source, up to periods 
of several hundred seconds (Kanamori, 1970; Kanamori and Cipar, 1974). Therefore, 
the double-couple source seems preferable in explaining the very-long-period free 
oscillation spectra. It is, of course, possible that an isotropic source component may 
exist as well as the dominant double-couple source. This is a difficult issue to resolve. 
Further study seems warranted; the observation of splitting for higher spheroidal 
models and for torsional modes could be useful in determining the mechanisms of 
these earthquakes, and others as well, at long peri6ds. 
For example, the theoretical singlet amplitudes of double couples depend strongly 
on fault geometry for spheroidal modes with l > 4 and in general differ from those of 
an isotropic source. Thus, if splitting of these modes could be observed, it would be 
possible to test whether the fault mechanism determined from surface waves is ap- 
propriate for much longer-period free oscillations. Furthermore, once the mechanism 
has been determined, the absolute spectral amplitudes may be used to determine 
the moment at these much longer periods. 
An alternate approach, which appears promising, is to study time-domain records 
of these earthquakes, for the lowest angular order modes. We have shown (Stein and 
Geller, 1977b) that modes (oS4 - 0Ss and 0T8 - 0T4) for which splitting is difficult to 
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observe in the spectra show the effects of splitting in the time series. By computing 
synthetic seismograms for different fault geometries, we can obtain additional infor- 
mation about the source. 
Kanamori (1977) has summarized evidence showing that the interplate slip rates in- 
ferred from long-period surface waves are considerably smaller than those determined 
from magnetic anomalies. In view of the observations (Kanamori, 1972; Shimazaki 
and Geller, 1977) that in several cases the earthquake moment was still increasing 
at periods of several hundred seconds, it seems desirable to use low-order free oscilla- 
tions to determine the moment at periods of almost one hour. Such determinations 
would allow us to distinguish between earthquake deformation having a time constant 
of one hour and longer-period aseismic slip which might involve large portions of the 
lithosphere. For past great earthquakes (e.g., Chile and Alaska), poorly determined 
instrument calibrations and the small number of long-period records present diffi- 
culties in determining absolute spectral amplitudes. The new long-period network 
(Agnew et al., 1976) should allow much more reliable very-long-period moment de- 
terminations. 
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